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min{sup
α∈A
Lα(x,Du(x));u(x) − ψ(x)} = 0, x ∈ RN , 7 8
»	c©g{wg
Lα(x,Du(x)) = Lα(x, u(x), Du(x), D2u(x)),
Lα(x, t, p,X) = − tr[aα(x)X ] − bα(x)p+ cα(x)t− fα(x).
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S
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α∈A
Lα(x,Du(x)) = 0, x ∈ RN , 7 4-8
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a
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ºe|â± gO±<uwcegg?{Quwye{wg9,g9~=y©uw|­;x
min{ sup
α,|e|≤ε
Lα(x+ e,Duε(x));uε(x) − ψ(x)} = 0, x ∈ RN , 7 18
Ox©"|³us¾r|¨sw=sQ|­uvqÅs}O¯¨ytu}|¨Ox
uε
± ; {wg;ye¯{w|­¿9u}|¨OxÅª
uε
rqÂOxr¾O;¯­ytuw|­;xÂ;|­¾;g?sOx®Oee{wM¬t|­fuwg
s}fhru}cs}yet´·sQ;¯­yeu}|¨Oxhª 7 8!ºrtgx©u}g9 uε »	ce|c|s5¯sQOx§e©{}M¬t|¨fhu}g	s}yet´·sQ;¯­ytuw|­;xhª 7 18±5or©ºrqÂy©sQ|¨xeu}c©gZ;x©sQ|sQu}gxqCe{wOSg{}uvqOº1»¸g;tuwO|­x"u}c©gyeeSg{SOyexºªëu}g?{'cer;s}|­x©Ox";tu}|¨f¯
{fhguwg{'Oª{}g?Oye¯{w|¨¿?uw|­;x±Âjkxtª«O{}u}y©x©uwg¯¨q¦»¸gx  u e{}tgg?Á|­x_Ås}|­fh|¨¯¨O{%»#Mq"u}Å©ye|­¯)
s}fhru}cFs}yeSg{}´Ts}O¯¨ytu}|¨OxHOª 7 8#»	c©|¨cF»+Oye¯¯­g9Ouwu}ceg'¯­»+g{	g9svuw|­fuwgOx u− uh ±+°·xsvuwg?OHOª,sQfhruwcÂs}yeSg{}´Ts}O¯¨ytu}|¨OxF»+g eye|¨¯¨ÂZs}g?~=yegxg ª5¯¨r?¯7s}f rOu}cÅs}yeSg{}´Ts}O¯¨ytu}|¨Ox1±m°·xÂ©{}u}|ye¯{
»+g|­x=uw{}tty©gu}cegª«;¯­¯¨»	|­x© s}»	|³uce|¨xe§sQqtsQu}g?f»	ce|cOee{wM¬r|¨fuwg?s 7 8
min{max{Lαi(x,Dvi(x)); vi(x) − min
j 6=i
{vj(x) + k}}; vi(x) − ψ(x)} = 0, 7'& 8
ª«;{
x ∈ RN
ºOx©
i ∈ I = {1, . . . ,M}
±¹©O{¯­|­u}g?{wu}ye{wg';xCuwcegsQ»	|­uwce|¨xeHsQqtsQu}g?fhs?ºsQg?g,Ä & ÆTº7Ä ÆTºÄ (MÆ1Ox©CÄ¨?MÆT± ¥ gOx©s}|tg{¸u}ceg¾r|s};s}|³uvq§s}O¯¨ytu}|¨Ox
v = (v1, . . . , vM )
ª1u}ce|s	sQqtsQu}g?fºtOx©Z;|­¾;gmOx
g9svuw|­fu}gªu}ceg{uwgªOxr¾Og?{};gx©gkOª
v
uw
u
±7b#cegxH»+gOxsQ|tg{ Sg{}u}ye{wSg?HsQqtsQu}g?f
min{max{ inf
|e|≤ε
Lαi(x+ e,Dvεi (x)); v
ε
i (x) − min
j 6=i
{vεj (x) + k}}; v
ε
i (x) − ψ(x)} = 0, 7*) 8
ª«;{5¯¨¯
i ∈ I
x©
x ∈ RN
º=x© |­uws7¾r|s};s}|³uvqs}O¯¨ytuw|­;x tg?xeuwg?
vε = (vε1, . . . , v
ε
M )
± ¥ g	{}g?Oye¯{w|­¿?g
vε
=qÂOxr¾;O¯¨ytu}|¨OxC;tuwO|­x©|­xe
vε
ºx©Åu}ce|sª«yex©u}|¨Ox¦¯¨¯¨»skuwHeye|¨¯¨®,¯­tO¯5sQy©g?{Q´·sQ;¯­yeu}|¨OxÅOª
7 8±%b#ceg?xÂrqÅOee¯¨q=|¨xe,u}cegOx©s}|¨sQu}g?x©qCOx©FuwceghfhOxeOu}Ox©|¨|³uvqFOªæu}c©ghswceg?f g »+g%;tuwO|­xÂu}cegeg?s}|­{wg?SOy©x©± ¥ |³uwc,;ye{+{}g9sQye¯­u?º=»+g?x§e{w¾Ogmx§ye©g?{+SOy©x©§Oª
h1/2
Ox©Z'¯­»+g{¸;yex©§Oª
h1/5
ª«;{¯OswsQ|O¯SÏ©xe|­u}gt|­ÎSg?{}g?x©g9s	s}c©gfhgx©Zª«O{;gxeg?{wO¯­|¨¿g9Ï©x©|³uwgt|³Î\g{wgxg?s	swceg?f g;±
b#ceg©Og?{	|¨s#;{}=xe|¨¿g9§Os¸ª«;¯­¯¨»s*< s}g?!uw|­;xH'|¨x;uw{}ttyg?s+uwcegOswsQy©f eu}|¨Ox©s+Oxg?~=y©u}|¨Ox 7 8Ox©Zswceg?f g 7 -8!±æorg9!u}|¨Ox>4;tuwO|­x©s¸uwcegm{uwgmOª;xr¾Og{wOg?x©g	Oªu}c©gs}O¯¨ytuw|­;x v ª 7+& 85u} u ±7b#cegÏ{wsQu+{}u¸ª<sQg9!uw|­;x§%;tuwO|­xs+OxZye©g?{+SOy©x©ZOª
u− uh
ºex©§u}cegs}g?;x©§{}u+Oªu}ce|s#sQg9!uw|­;x
ysQg9s	u}c©g'{u}g'Otu|¨xeg?H|¨xÅs}g?!uw|­;x 4ª«;{kO|¨¾r|­x©hu}ceg%¯­»+g{m;yex©FOª
u− uh
±org9!uw|­;xÅe©¯­|¨g?s
;ye{+{}g9sQye¯­uws¸uw%uwcegOgx©g{¯¨|­¿?g?hÏ©x©|³uwge|³Î\g{wgx©gs}ceg?fhguwOÃOg?x§ª«{wOf ÄÙMÆTºex©,svuwy©t|¨g?s	;x©t|­u}|¨Ox©s
y©x©tg{u}ce=sQghOg?xeg{¯lÅ{wÃO¾§c©O|­xHe©{}M¬t|¨fhu}|¨Ox,O|¨¾OgSguQuwg{g9svuw|­fu}g?s	u}c©Ox,uwce|ss}c©gfhgO±
¹|¨x©¯¨¯¨qu}ceg ;keSgx©t|­¬HO|¨¾Og?s#s}Ofhgyt¬t|¨¯­|{wqhu}c©gO{wgfs#»	ce|cH{wgysQg9§uwce{};yeOc©Oytu#u}c©g©Sg{9±
¥ g%Ox©¯­ytguwce|¨sm|¨x;uw{}tty!u}|¨OxÅ»	|³uwcÅsQ;fhgxeuuw|­;x©s±m°·xFu}c©g%s}g?~=yeg¯
C
|smS;s}|­u}|¨¾Og%Ox©sQuwOx=u
|¨x©tg?g?x©tg?x;uOxF©O{wOfhgu}g?{ws
ε
Ox©
h
±¶+q
| · |
»+gfhg?OxHu}ceg'sQuwOx©eO{w ! y¯¨|¨tg9xFxe;{}f |¨xÅxrq
R
M uvqrgks}©;gO±°·x©O{Quw|¨ye¯¨O{?º;|³ª X ∈ SN º;u}c©gx |X |2 = tr(XX>) ºr»	ceg{wg X> |s7u}c©g	u}{x©s}S;s}gOª
X
º=|â± gO±
|X |
|sæu}ceg¹e{wOSgxe|¨y©s¸xeO{wfH±<°Tª
g
|s¸';yex©tg9ª«yex©u}|¨OxZª«{};f
R
N |¨x=u}'g?|³uwceg{
R,RM
º
;{+u}cegs}©Ogª
N × P
fuw{}|g9sºt»+gsQgu
|g|0 := sup
x∈RN
|g(x)|.
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g
|s	¯sQ |¨©swce|­u}¿;x;uw|­xrye;y©s?ºt»¸gs}gu
[g]1 := sup
x,y∈RN
x6=y
|g(x) − g(y)|
|x− y|
, |g|1 := |g|0 + [g]1.
¥ gtgx©u}grq
≤
uwcegOfhSOxeg?x=u+»	|sQg;{wtg?{}|¨xe%|­x
R
N ºeOx©§rq  u}cegO{tg?{}|¨xe'|¨x,u}cegs}gx©s}gmOªS;s}|­u}|¨¾OgsQg?f |tgÏ©xe|­u}gfuw{}|g9s¸|¨x
S(N)
±5b#cegsQOg
Cb(R
N ) 7 {wg?s}± Cb,l(RN ) 8+»	|¨¯­¯1egxeOu}gu}cegs}©;g ª	Ox=uw|­xrye;y©sx©Â;yex©tg9Âª«yex©!uw|­;x©s 7 {}g9sQ±hSOyextg?®x
1|­©swce|­u}¿ ª«yex©u}|¨Ox©s8mª«{wOf
R
N uw
R
±
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b#c©{};yeOce;ytu+u}ce|s	©Og?{?ºt»+gsQye©=sQguwc©u#u}c©gª«O¯¨¯­»	|¨xeOswsQy©f eu}|¨Ox©s#{wgs}u}|svÏg??<
7 ;'8,b#ceg{wgg¬t|¨sQu λ,K s}y©c¦u}cu?ºæª«O{h¯¨¯ x ∈ RN x© α ∈ A, aα(x) = 1
2
σα(x)(σα(x))T
º
»	ceg{wg
σα(x)
|sºrª«;{	g?;c
x
º©
N × P
fhu}{w|³¬ºeOx©
cα ≥ λ > 0; |σα|1 + |b
α|1 + |c
α|1 + |f
α|1 ≤ K,
7 ;18 min{1, λ} > supα{[σα]1 + [bα]1} ±
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x ∈ RN

min{sup
α
Lα(x, u(x), Dϕ(x), D2ϕ(x));u(x) − ψ(x)} ≤ 0, (

	 0 
≥ 0),

 1
ϕ ∈ C2(RN )
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u1, u2 ∈ Cb(R
N )
 
#
u1 ≤ u2
#
R
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Cb,l(R
N )

2
¸;x©sQ|tg?{kuwcegs}ceg?fhg 7 -8!º»	|­u}c h > 0 x S : R+ × RN × R × Cb(RN ) → R ± ¥ ghfÃOguwcegª«O¯¨¯¨»	|­xehOsws}yefhtu}|¨Ox©sA<
7 o\8,lFOx©u};xe||­uvq'<ª«;{¯¨¯ h > 0 º r ∈ RN º m ≥ 0 º x ∈ RN x©"SOyextg?®xÂOx=u}|¨xryeOy©sª«yex©u}|¨Ox©s
u, v
s}y©cu}c©u
u ≤ v
|­x
R
N º
S(h, x, r +m,u+m) ≥ λm+ S(h, x, r, v).
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7 oe18,	g;ye¯{w|³uvq2<Âª«O{H¯¨¯ h > 0 x φ ∈ Cb(RN ) º x 7→ S(h, x, φ(x), φ) |sZSOy©x©tg? x©;x;uw|­xrye;y©sA9
r 7→ S(h, x, r, φ)
|¨s'yexe|­ª«O{wfh¯­q"Ox=uw|­xrye;y©sª«O{';yex©tg9
r
º<yex©|³ª«;{}fh¯¨qÅ»	|­u}c
{}g9sQSg?u	u}
x ∈ RN
±
7 o 4-8,b#ceg{wgZg¬t|¨sQu n, ki > 0, i ∈ J ⊆ {1, . . . , n} xÁC;x©sQuwx=u Kc > 0 sQyc¦u}c©u'ª«;{%¯¨¯
h > 0
x
x
|¨x
R
N º\Ox©ª«O{mg¾;g{wqs}fh=Ou}c φ ∈ Cn(RN ) s}y©cHuwc©u |Diφ|0 |¨smSOyex©eg?ºª«O{	g?¾Og{wq
i ∈ J
ºru}c©gª«O¯¨¯­»	|¨xehceO¯esA<
|sup
α
Lα(x,Dφ) − S(h, x, φ(x), φ)| ≤ KcQ(φ),
»	ceg{wg
Q(φ) :=
∑
i∈J |D
iφ|0h
ki
±
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v = u+m

°·x_u}c©gHª«O¯¨¯­»	|¨xe©º¸»¸gFswMq¦u}cuZÂª«yex©u}|¨Ox
v ∈ Cb(R
N )
|s"s}yet´·s}O¯¨ytu}|¨Ox 7 {wg?s}± s}yeg?{Q´s}O¯¨ytuw|­;x$8æu}hu}c©gswceg?f g 7 18¸|­ª
min{S(h, x, v(x), v); v(x) − ψ(x)} ≤ 0, (
{wg?s}±
≥ 0),
ª«;{¯¨¯
x ∈ RN .
jkx©tg?{H;s}s}yefhtuw|­;x©s 7 o\8,Ox© 7 oe-8!º»¸g"c©M¾OgÂu}c©g"g¬t|¨sQu}g?x©g"ªh Ofh©{w|sQ;x e{w|­x©|­©¯­gÂª«O{SOy©x©tg?HOx=u}|¨xryeOy©s#s}O¯¨ytu}|¨Oxs#ª 7 18
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uh(x) ≤ vh(x)
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x ∈ RN
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m := supx(uh(x)−
vh(x)) > 0
Ox©®Oeuw|¨xÁCOx=u}{Ot|!uw|­;x± gu
{xn}n
SgZCs}g?~=yeg?x©gZ|­x
R
N sQyc®u}c©u δn :=
uh(xn) − vh(xn)
;xr¾Og{wOg9smu}
m
Os
n → ∞
±Cb#ceg?x
δn > 0
ª«O{%¯¨O{};ggxe;yeOc
n
±C¶+q"y©sQ|¨xe
uwcegxeOu}|¨OxHª5s}yeCxFsQyeSg{}´·sQ;¯­ytuw|­;xº©Ox©,u}cegªÕ;!uuwc©u
min(A,B) − min(C,D) ≥ min(A −
C,B −D)
ºeOgu
0 ≥ min{S(h, xn, uh(xn), uh) − S(h, xn, vh(xn), vh);uh(xn) − vh(xn)}.
ot|­x©g
uh(xn) − vh(xn) = δn > 0
ºt=qZy©sQ|¨xe 7 o8!º©»¸gc©M¾;g
0 ≥ S(h, xn, uh(xn), uh) − S(h, xn, vh(xn), vh)
≥ S(h, xn, vh(xn) + δn, vh +m) − S(h, xn, vh(xn), vh)
≥ S(h, xn, vh(xn) +m, vh +m) + ω(m− δn) − S(h, xn, vh(xn), vh)
≥ λm+ ω(m− δn),
»	c©g{wg
ω(t) → 0
»	c©gx
t → 0+
|¨s;|­¾;gx®rq 7 o©18!± guQu}|¨xe n → ∞ qr|­g?¯¨es m ≤ 0 »	ce|¨c®|sOx=u}{Oe|¨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±
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gOªfhO¯¨¯¨|³Ï©g?{ws
(ρε)ε
egÏ©xeg9HOs+ª«O¯¨¯¨»s*<
ρε(x) = ε
−Nρ(x/ε), 7 -8
»	c©g{wg
ρ ∈ C∞(RN ),
∫
RN
ρ = 1,
s}yee
{ρ} ⊆ B̄(0, 1)
x©
ρ ≥ 0
±7°Tª
g
|¨s	Ox=u}|¨xryeOysæª«y©x©!uw|­;x
Oª
R
N uw
R
ºtu}ceg?xH»¸gtgÏ©xegu}c©gf ;¯­¯¨|­Ïu}|¨Oxª
g
;s+ª«O¯¨¯­»sA<
gε(x) :=
∫
RN
g(x− e)ρε(e)de. 7 (-8
lCO{wg¾Og?{?º=|­ª
g
|s	 |¨©swce|³uw¿ª«yex©!uw|­;xºtuwcegx
|g(x) − gε(x)| ≤ ε[g]1. 7 ?-8
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g ∈ Cnb (R
N ) 7 {wg?s}± Cnb,l(RN ) 8ºtu}ceg?x
|Digε(x)| ≤ Cε
−i|g|0, (
{}g9sQ1±
Cε1−i|g|0), ∀ i = 1, . . . , n. 7 ;8
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¸;x©s}|¨tg?{+u}cegª«;¯­¯¨»	|­x©hs}»	|­uwce|¨xesQqtsQu}g?f e©{}M¬t|¨fhu}|¨Ox,ª 7 8
<
min
{
max
(
Lαi(x,Dvi(x)); vi(x) − min
j 6=i
{vj(x) + k}
)
; vi(x) − ψ(x)
}
= 0, 7 M18
ª«;{
i ∈ I = {1, . . . ,M}
x©
x ∈ RN
±7°·x,{}u}|ye¯{+»¸gc©M¾;gOx,g9~=y©uw|­;x§ª«O{	g?¾Og?{}q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Fi(x, v,Dvi, D
2vi) = 0, i = 1, . . . ,M, 7 A4(8
»	c©g{wg
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N × RM × RN × SN → R
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v = (v1, . . . , vM ) ∈ C(R
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Fi(x, v(x), Dϕ(x), D
2ϕ(x)) ≤ 0,
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≥ 0
 

,1
ϕ ∈ C2(RN )
	  
vi − ϕ
 	  % A% -!  /
	 0   % % ,#$   
x

 #2%%! "  %%
v
,.A 	*	$	*%  #   1
  "  	/>	  /	*%  # #' ,	 0 */	*%   # 
1gfhf O)|¨fhe¯­|¨g?sH Ofh©O{}|s}Ox e{w|¨x©|¨e¯¨gCª«O{ 7 918ºmOx©uwcegx u}ceg®g¬t|svuwgx©gÅOª%)y©xe|¨~=yeg¾r|s};s}|³uvq§s}O¯¨ytuw|­;x,Oª 7 918¸|¨x Cb,l(RN )M ºetgxeOu}g9 v = (v1, . . . , vM ) ±¥ gg?{Quwye{w,uwcegs}qrsQu}g?f 7 M18+x,©ye|­¯,u}cegª«;¯­¯¨»	|¨xe Oyt¬t|­¯¨|{wq§sQqtsQu}gf
min{max( sup
|e|≤ε
Lαi(x+ e,Dvεi (x)); v
ε
i (x) − min
j 6=i
{vεj (x) + k}); v
ε
i (x) − ψ(x)} = 0. 7  8
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gÂª%)yexe|~;y©gÂ¾r|s};s}|³uvq sQ;¯­yeu}|¨Ox Oª 7  8!ºegxeOu}g?
vε = (vε1, . . . , v
ε
M )
º\|­x
Cb,l(R
N )M
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|vi − v
ε
i | ≤ Cε, 7 M18
" 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K,λ
#'
[ψ]1

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¹©O{g¾;g{wq
i
º¸¯¨gu
viε
u}cegFfhO¯¨¯¨|³Ï?uw|­;x)ª
vεi
º+egÏ©xeg9 ;sh|­x 7 (-8!± ot|­x©g vεi |s1|­s}ce|­u}¿ª«y©x©!uw|­;xºeyexe|­ª«O{wfh¯­qZ»± {9± u
ε > 0
sQy :|­g?x=u}¯¨q,s}fhO¯­¯Aº 7 9-8¸|¨f ©¯­|¨g?s
|vεi (x) − viε(x)| ≤ max
i
[vεi ]1ε; 7  & 8
¯¨gfhf,Oh|­fhe¯¨|¨g?smu}c©u
maxi[v
ε
i ]1
{wgf|¨x©sSOy©x©tg?C»	cegx
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R := C
(
k + ε+
k
ε2
)
, 7  ) 8
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u
R
swuw|¨sQª«q 7  ) 8± ¥ gc©M¾;gu}he{w¾Ogmu}c©u?ºtª«;{	¯¨O{};gmg?xeOye;c C º
min{sup
α
Lα(x,D(viε(x) −R); viε(x) −R − ψ(x)} ≤ 0, ∀ x ∈ R
N , 7 ?-8
ª«;{O¯­¯
i ∈ I
±'or|¨x©g
viε ∈ C
∞(RN )
º\u}c©g tgÏ©xe|­u}|¨Ox"ªæ¾r|s};s}|³uvqHs}yet´·sQ;¯­ytuw|­;xC|smg9~=ye|­¾O¯­g?x;uu}
uwcegxeOu}|¨Ox®ª	¯OswsQ|O¯7sQyee´Ts}O¯¨ytu}|¨Ox1±§b#ceg{wgª«;{}gh»+g cM¾Og u}Fe{w¾Og%u}cuOx©gª+u}ceghª«;¯­¯¨»	|­x©
sQuwu}g?f g?x=uws#ce;¯¨es+ª«;{¯¨¯
x ∈ RN
<
viε(x) −R ≤ ψ(x), ∀ i ∈ I, 7  (;-8
sup
α
Lα(x,D(viε(x) −R)) ≤ 0, ∀ i ∈ I. 7  (O$8
¹©O{	g?¾Og{wq
x ∈ RN
ºsQgu
Iε(x) := {i ∈ I | vεi (x) = ψ(x)}. 7 O-81gu
x̃ ∈ RN
±kg?xeuwg'rq
B(x̃, 2ε)
u}ceg%©¯¨¯gx=u}g?{}g9HOx
x̃
»	|³uwcC{w;t|¨y©s
2ε
±kb#c©gxC»+g'c©M¾;gu}c©g
uv»+ ª«O¯¨¯­»	|¨xe =s}s}|¨e|­¯¨|­u}|¨g?sA<
 ;o ! ; <®b#ceg{wgFg¬t|svus
y ∈ B(x̃, 2ε)
s}y©c u}c©u
Iε(y) 6= ∅
± ¥ gÂ¯|¨f u}cu 7  (O(8 ceO¯es?±¥ gc©M¾Og
vεi0(y) = ψ(y)
ºrª«;{#s}Ofhg
i0 ∈ I
ε(y)
± gu
i /∈ Iε(y)
±5b#cegkª«y©x©!uw|­;x
vεi (x)− |x− y|
2/ε1cOs?ºª«O{%sQy :§|­g?x;uw¯­q®s}fhO¯­¯
ε1 > 0
º<H¯­tO¯5f¬t|¨f'yef.u'HSO|¨x;u
xε
s}y©c"u}c©u
|xε − y| ≤ ε
±
ot|­x©g
vε
|s+u}ceg¾r|s};s}|³uvqZs}O¯¨ytuw|­;x,Oª 7 ?(8ºtOxegOª1u}c©gª«O¯¨¯­»	|¨xehsvuu}g?fhgx=uws	c©O¯es*<
vεi (xε) ≤ ψ(xε), 7 e?(8
max
{
sup
|e|≤ε
Lαi(xε + e, v
ε
i (xε),
2
ε1
(xε − y),
2I
ε1
);
vεi (xε) − min
j 6=i
{vεj (xε) + k}
}
≤ 0. 7 e$8
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vεi (xε) ≤ ψ(xε)
º©s}|¨x©g
vεi
Ox©
ψ
{wg 1|­s}ce|­u}¿;ºt»¸g;tuwO|­x
vεi (y) ≤ ψ(y) + ([ψ]1 + max
i
[vεi ]1)ε. 7 ;18
kuwceg{w»	|sQg;º=»	|­u}c 7 t?$8!ºt»+gc©M¾Og
vεi (y) ≤ max
i
[vεi ]1ε+ v
ε
i0(xε) + k ≤ 2maxi
[vεi ]1ε+ v
ε
i0(y) + k. 7
14-8
ot|­x©gg|­u}ceg?{ 7 ;18¸O{ 7 4-8¸ce;¯¨©sºt»+gtg?tygu}cu
vεi (y) − Cε− k ≤ ψ(y), ∀i ∈ I, 7 (8
»	c©g{wg
C
tgSgxesOx
[ψ]1
x©
maxi[v
ε
i ]1
±ot|­x©g
y ∈ B(x̃, 2ε)
º1x
ψ
x
vεi
O{}g |¨©swce|³uw¿Oº
uwce|s	|­fhe¯¨|¨g?s
vεi (x̃) ≤ ψ(x̃) + k + Cε,
ª«O{kO¯­¯
i ∈ I
± ;©e¯­qr|¨xe 7  & 8ºeOtu|¨x viε(x̃) ≤ ψ(x̃) +R ºª«;{¯¨¯
i ∈ I
ºe»	ce|cH|­fhe¯¨|¨g?s 7 9-8±
 ;o ! ¶ <+¹©O{mO¯­¯
y ∈ B(x̃, 2ε)
º©»+gc©M¾Oguwc©u
Iε(y) = ∅
± ¥ g'¯¨O|­fu}c©u?ºª«O{¯¨¯
e ∈ B(0, ε)
º
(vε1(· − e), . . . , v
ε
M (· − e))
|s	%¾r|s};s}|³uvq,sQyee´Ts}O¯¨ytu}|¨Ox,ªu}cegª«;¯­¯¨»	|¨xe s}qtsvuwgf
max
{
Lαi(x,Dwi(x));wi(x) − min
j 6=i
{wj(x) + k}
}
= 0, x ∈ B(x̃, ε). 7 O-8
¹|­¬
e1 ∈ B(0, ε)
Ox©
i ∈ I
± gu
ϕ ∈ C2(RN )
gsQyc¦u}c©u
vεi (· − e1) − ϕ(·)
cOs C¯¨r?¯
f¬r|¨f'y©f
xe1
|­xHuwceg©¯¨¯
B(x̃, ε)
±¸b#ceg?x
vεi (·) − ϕ(· + e1)
cOsh¯¨t¯f¬r|¨f'y©fu
xe1 − e1
±
ot|­x©g
xe1 − e1 ∈ B(x̃, 2ε)
º5»+gZc©M¾;g§u}cu
vεi (xe1 − e1) > ψ(xe1 − e1)
ºæOx©)s}|­xg
vε
|s%u}ceg
¾r|s};s}|³uvq§s}O¯¨ytuw|­;x,Oª 7 (8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max
{
sup
|e|≤ε
Lαi(xe1 − e1 + e, v
ε
i (xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 ));
vεi (xe1 − e1) − min
j 6=i
{vεj (xe1 − e1) + k}
}
≤ 0.
bÃr|¨xe
e = e1
ºtOtu|¨x
{
Lαi(xe1 , v
ε
i (xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 )) ≤ 0,
vεi (xe1 − e1) − min
j 6=i
{vεj (xe1 − e1) + k} ≤ 0.
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e1 ∈ B(0, ε)
x©
i ∈ I
º5»+gZ;tuwO|­xÁu}c©u?º<ª«O{h¯¨¯
|e| ≤ ε
º
(vε1(· − e), . . . , v
ε
M (· − e))
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|vεi (y) − v
ε
j (y)| ≤ k
ª«O{O¯­¯
i, j ∈ I
Ox©
y ∈ B(x̃, ε)
±¸¸;x©sQg9~=yegx=u}¯¨q
Dnviε(x̃) −D
nvjε(x̃) ≤
Ck
εn
, ∀n ≥ 1,
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C
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ρ
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Lαi(x̃,Dvjε(x̃)) − L
αi(x̃,Dviε(x̃)) ≤
Ck
ε2
, ∀ i, j ∈ I.
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Ox©
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ºOx©'cegxgOº
supα L
α(x̃,Dviε(x̃)) ≤ Ck/ε
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i
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I
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supα L
α(x̃,Dviε(x̃) − Ck/(λε
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#'"
,%%
x ∈ RN
"  .
0 ≤ vi − u ≤ Ck
1/3, 7  ) 8
" 

C
-/0
#2	,#%! #
λ
#'
K
 ' 
' ¡ ÌÌÅ-8 ¥ g§e{w¾Og uwcegÏ©{svu|¨xeg9~;y¯¨|³uvqÂª 7  ) 8!± gu w = (u, . . . , u) Sguwceg¾Og9!u};{»	ce=sQg
M
OfhSOxeg?x;us%O{}gZg?~=y©¯¸u}
u
± ¥ g,¯|¨f.u}c©u
w
|¨s C¾r|s};s}|³uvq®sQy©t´Ts}O¯¨ytuw|­;xÁª 7 918±1gu
ϕ ∈ C2(RN )
SgsQycÅuwc©u
u − ϕ
c©Os,¯­t?¯<f¬t|­f%yef u
x0 ∈ R
N ± or|¨x©g u |sZ¾r|s};s}|³uvqs}yet´·s}O¯¨ytu}|¨OxÂª 7 8ºg|­u}ceg?{ u(x0) ≤ ψ(x0) º1O{ supα Lα(x0, u(x0), Dϕ(x0), D2ϕ(x0)) ≤ 0 ± °Tªuwceg¯uQuwg{	ce;¯¨©sºruwcegx
Lαi(x0, u(x0), Dϕ(x0), D
2ϕ(x0)) ≤ 0, ∀ i ∈ I.
¸;f'e|¨xe|¨xehOu}cF;sQg9sºr;tuwO|­x
min
{
max
(
Lαi(x0, u(x0), Dϕ(x0), D
2ϕ(x0));u(x0) − min
j 6=i
{u(x0) + k}
)
;
u(x0) − ψ(x0)
}
≤ 0, ∀ i ∈ I.
b#c©g{wgª«O{wg
w
|sæ¾r|¨sw=sQ|­uvq's}yet´·sQ;¯­yeu}|¨Oxhª 7 M18±¶+q%u}cegkOfh©O{}|sQ;x%©{}|¨x©|¨e¯¨g 7 ¯¨gfhf'O-8!ºOu}cegÏ{wsQu	|­xeg9~=y©¯¨|³uvqZª 7  ) 8¸ceO¯es?±'8 ¥ g,xe» e{}¾;g u}cegsQg9OxÂ|¨xeg9~;y¯¨|³uvq"|­x 7  ) 8!±F¶+qÂ¯¨gfhf ) x®e{};=sQ|­u}|¨OxÁeº»+g§c©M¾;guwc©u
viε −R ≤ u
º=ª«O{	¯¨¯
i ∈ I
ºex©
x ∈ RN
ºt»	ceg{wg
R
s}u}|svÏ©g9s 7  ) 8!± ;©e¯­qr|¨xe 7  & 8¸x© 7 9-8!º;tuwO|­x
vi − u ≤ |vi − v
ε
i | + |v
ε
i − viε| + |viε − u| ≤ C
(
k
ε2
+ ε+ k
)
, ∀ i ∈ I, ∀ x ∈ RN ,
»	c©g{wg
C
tgSgxesOx
K, λ, maxi[v
ε
i ]1, [ψ]1
± lC|­xe|¨fh|­¿?|­x©¦»	|³uwc_{wg?s}Sg?!uhuw
ε
º+»¸gH;tuwO|­x u}ceg
eg?s}|­{wg?,yeeSg{	SOyexºe»	|­u}c
ε = k1/3
±
2
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u − uh
¥ gsQuwuwg|­xu}c©|¨ss}g?u}|¨OxOye{	fO|­x{}g9sQy©¯³us*<u}c©gyeeSg{kOx©¯­»+g{+;yex©esOx
u− uh
±

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
u − uh
<g?{Quwye{},u}c©gg?~=y©uw|­;x 7 8#s}Os¸u};tuwO|­x
min
{
sup
α,|e|≤ε
Lα(x+ e,Duε(x));uε(x) − ψ(x)
}
= 0, x ∈ RN . 7 -8
jkx©tg?{h;s}s}yefhtuw|­;x©s 7 ;8%Ox© 7 ;m18º5rq¦e{wOS;s}|³uw|­;x tº 7 (8c©;shCyexe|~=yegH¾r|¨sw=sQ|­uvq¦sQ;¯­ytuw|­;x
uε ∈ Cb,l(R
N )
±æ°·xH¾r|­g?»VOª<b#c©gO{wgf t»	|­u}c
k = 0
ºe»¸gc©M¾;gu}c©u
|u− uε| ≤ Cε
ºtª«;{ksQ;fhg
CegSgx©t|¨xe;x
λ
º
K
x©
[ψ]1
±5mgÏ©x©gu}cegOx=uw;!utOfO|­xª
uε
Os
X(uε) := {x ∈ RN |uε(x) = ψ(x)}.
1gu
uε
g+uwceg#f ;¯­¯¨|­Ïu}|¨Ox'Oª
uε
ºOtgÏ©xeg? Os|¨x 7 (-8!±7or|¨x©g uε |s< 1|­©swce|­u}¿+ª«yex©u}|¨OxºOyexe|­ª«O{wf ¯¨q»± {9± u
ε > 0
sQy :§|­g?x;uw¯­q,sQf¯¨¯Aº 7 9-8¸|­fhe¯¨|¨g?s
|uε(x) − uε(x)| ≤ [u
ε]1ε, 7  (-8
»	c©g{wg
[uε]1
{wgf|¨x©s#SOyextg?±
	 ÈrÌ ¡ È  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uh
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Cb(R
N )
2
# $
	 ! 
*# %! 	 %%
h > 0
 "  .
u− uh ≤ Ch
`, ∀ x ∈ RN , 7 4O-8
" 

` := mini∈J{ki/i}

C
10 *#'	 #$%! #
λ

K, [ψ]1
#'
Kc
 # 	#	
ki
#2
KC*#(&>1#"#2 # *  
' ¡ ÌÌ ¥ g¯|¨fuwc©u
min{S(h, x, uε(x) −R1, uε −R1);uε(x) −R1 − ψ(x)} ≤ 0, ∀ x ∈ R
N , 7 4e8
ª«;{'s}Ofhg
R1 > 0
ª#u}ceg§ª«O{wf
R1 := λ
−1Q(uε) + Cε
º<»	ceg?{}g
Q(·)
»#OstgÏ©xeg9®|­x 7 o 4-8x©
C
egSgx©esmOx©¯­qOx
[ψ]1
Ox©
[uε]1
±k°·x©tgg9ºS»¸g%»	|­¯¨¯©{}¾;g§sQ¯¨|¨Oc=u}¯¨qsQu}{wOx©Og{k{}g9sQye¯­uA<+ª«;{mxrq
x ∈ RN
ºtOxegu	¯­g9OsQu#Oªuwcegª«O¯¨¯¨»	|­xe%uv»+hsQuwu}g?f g?x=uws#ce;¯¨esA<
uε(x) − Cε ≤ ψ(x), 7 4;O-8
S(h, x, uε(x) −KCλ
−1Q(uε), uε −KCλ
−1Q(uε)) ≤ 0. 7 4=$8
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¹|­¬,x
x̃ ∈ RN
± ¥ gc©M¾;gkuwcegª«O¯¨¯¨»	|­xeh¯­u}g?{}xu}|¨¾Og-<
 ;o ! ; <Fb#ceg?{}gHg¬t|svus
y ∈ B(x̃, 2ε)
s}y©c)uwc©u
y ∈ X(uε)
ºæ|A± g;±
uε(y) = ψ(y)
± or|­xg
uεOx©
ψ
O{}gyexe|­ª«O{wfh¯­q 1|­s}ce|­u}¿;º5ª«;{hs}Ofhg
C
tg?g?x©t|¨xe®Oxe¯¨qÁOx
[ψ]1
x©
[uε]1
ºæ»+gOtu|¨x
7 4;O-8¸uSO|¨x;u x = x̃ ±
 ;o ! ¶ <mx©g'c©;s
X(uε) ∩ B(x̃, 2ε) = ∅
± ¥ g ¯|¨f u}c©u
uε(· − e)
|sºª«O{¯¨¯
e ∈ B(0, ε)
º\
¾r|s};s}|³uvq§s}yet´·s}O¯¨ytu}|¨Oxª
sup
α
Lα(x,Dw(x)) = 0, x ∈ B(x̃, ε). 7 414-8
¹|­¬
e1 ∈ B(x̃, ε)
º\x©C¯­gu
ϕ ∈ C2(RN )
Sg%s}y©cFu}cu
uε(· − e1) − ϕ(·)
c©Os¯¨r?¯fh¬t|­f%yef
u,SO|¨x=u
xe1 ∈ B(x̃, ε)
±hb#c©gx
uε(·) − ϕ(· + e1)
cOs¯­tO¯7f¬t|­f%yefu
xe1 − e1
±§or|¨x©g
xe1 − e1 ∈ B(x̃, 2ε)
ºeOx©cegx©gOº
xe1 − e1 /∈ X(u
ε)
ºe»+gc©M¾Og;ºt»	cegxeg?¾Og?{
|e| ≤ ε
º
sup
α,|e|≤ε
Lα(xe1 − e1 + e, u
ε(xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 )) ≤ 0.
bÃr|¨xe
e = e1
ºt»¸gcM¾Og
sup
α
Lα(xe1 , u
ε(xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 )) ≤ 0.
b#c©|¨s©{}¾;g?s%Oye{Z¯¨O|­f u}c©u
uε(· − e1)
|¨s§"¾r|s};s}|³uvq)s}yet´·s}O¯¨ytu}|¨Ox_ª 7 414(8!±Vot|­x©g e1 |¨sOxO{}©|³uw{wO{}q§SO|¨x=ukª
B(0, ε)
º
uε(· − e)
|¨sm¾r|¨sw=sQ|­uvq,s}yet´·sQ;¯­yeu}|¨OxHª 7 4-4-8ºeª«O{m¯¨¯ |e| ≤ ε ±	ot|­x©g
uε(·)
|¨s#
C∞
ª«yex©u}|¨OxºeOx©§|­u	|¨s+¯¨|­fh|­u	ªOxr¾Og¬hOf'©|­x©u}|¨Ox,ª
uε(· − e) 7 sQg?g%Ä¨ºt¯¨gfhf,;'± 4Ox©¯¨gfhf%e± ) Æ8º;ceg?x©g;ºtee¯¨qr|­x© 7 Ä¨Oºr¯¨gfhf%t± ) ÆB8!ºr»+gkOxZswMq'uwc©u uε(·) |s¸%sQyee´Ts}O¯¨ytu}|¨OxOª
7 414(8æ|¨xu}ceg¯¨;s}s}|¯s}gx©s}gO±7b#ce|s	|¨fhe¯­|¨g?s
sup
α
Lα(x̃,Duε(x̃)) ≤ 0. 7 4O(8
¶+qOxsQ|svuwgx©qOº
S(h, x̃, uε(x̃), uε) ≤ KCQ(uε).
;e©¯­qr|¨xe 7 o8S»	|­u}c u = v = uε−KCλ−1Q(uε) º
r = uε(x̃) −KCλ
−1Q(uε)
º1x
m = KCλ
−1Q(uε)
ºOtu|¨x 7 4;'8muSO|¨x=u x = x̃ ±h¸;f'e|¨xt´|¨xe®;sQg9s ; Ox©)¶»¸gHOeuw|¨x 7 4e8!±or uε − R1 |s"sQyee´Ts}O¯¨ytu}|¨Ox ª 7 18±_¶+q¦uwceg;{}g?f ©º
uε −R1 ≤ uh
ºt|â± gO±¨º
u− uh ≤ KCλ
−1Q(uε) + Cε,
»	c©g{wg
C
tgSgxes	Ox
[uε]1
Ox©
[ψ]1
±5jks}|­xe
Q(uε) =
∑
i∈J |D
iuε|h
ki
ºx© 7 O8!º\Otu|¨x Q(uε) ≤ C∑i∈J ε1−ihki ±b#ceg%{wg?s}ye¯­ukª«;¯­¯¨»srqs}gu}u}|¨xe
ε = maxi∈J h
ki/i
±
2
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u − uh
¥ gSg{}u}ye{wZuwcegs}»	|³uce|­x©hs}qtsvuwgf 7 9-8+Os+ª«O¯¨¯¨»s
min{max( inf
|e|≤ε
Lαi(x+ e,Dvεi (x)); v
ε
i (x) − min
j 6=i
{vεj (x) + k}); v
ε
i (x) − ψ(x)} = 0, 7 4;-8
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ª«;{,O¯­¯
i ∈ I
Ox©
x ∈ RN
± ¶+q_¯­g?fhfh_©º#u}ce|sHsQqtsQu}gfc©;sZ)yexe|~;y©gÅ¾r|¨sw=sQ|­uvq sQ;¯­ytuw|­;x
vε = (vε1, . . . , v
ε
M )
|¨x
Cb,l(R
N )M
±¸;x©sQ|tg?{
vε
º¸u}c©gfh;¯­¯¨|³ÏSuw|­;x Oª
vε
º+egÏ©xeg9 ;s |­x 7 ( 8!±ot|­x©g
vε
|s1|­s}ce|­u}¿ ª«yex!u}|¨Ox1ºyexe|­ª«O{wf ¯¨qC»± {?± u?±
ε > 0
s}y :§|¨gx=u}¯¨qÅs}f¯¨¯âº©e¯­qr|¨xe¯­g?f f
7 t8¸Ox© 7 ?(8+»¸gc©M¾;g
|vi − v
ε
i | ≤ Cε, |v
ε
i − viε| ≤ max
i
[vεi ]1ε, 7 4 & 8
»	c©g{wg
C
tg?g?x©es	;x
λ,K
x©
[ψ]1
ºx©
maxi[v
ε
i ]1
{wgf|¨x©s#SOyextg?±
 ¸È  Á¢ 
  *
x0 ∈ R
N  i0 ∈ arg minj∈I vjε(x0)  #' 		   
ε ≤ (12sup
i
[vεi ]1)
−1k. 7 4 ) 8
2
#  
%% 0" # & 	* *#	 % 
vεi0(y) < v
ε
j (y) + k,

,%%
j ∈ I,
#2
y ∈ B(x0, 2ε), 7 4;-8
sup
α
Lα(x0,Dvi0ε(x0)) ≥ 0. 7 4 (-8
' ¡ ÌÌ ¥ gª«O¯¨¯¨» u}c©gf gu}cetª 7 ÄÙtº 1gfhf 4e± ÆB8!±(8 guys#e{}¾;g 7 4O(8!±æor|¨x©g i0 ∈ argminj∈I vjε(x0) º
vi0ε(x0) − min
j 6=i0
{vjε(x0) + k} = max
j 6=i0
{vi0ε(x0) − vjε(x0) − k} ≤ −k. 7 ;(8
ot|­x©gª«O{g?¾Og{wq
i
º
vεi
|s|¨©swce|³uw¿Oºt»+ge©¯­q 7 ?(8¸Ox©,»¸gc©M¾;gkuwc©u
vεi0(x0) − minj 6=i0
{vεj (x0) + k} ≤ −k + 2εmax
i
[vεi ]1,
Ox©ºrª«;{¯¨¯
y ∈ B(x0, 2ε)
º
vεi0(y) − minj 6=i0
{vεj (y) + k} ≤ −k + 4max
i
[vεi ]1(ε+ |x0 − y|) < −k + 12εmax
i
[vεi ]1.
bÃr|¨xe
ε ≤ (12 maxi[v
ε
i ]1)
−1k
ºtOtu|¨x 7 4O(8!±'8 ¥ ge{w¾Og 7 4 (-8± ¥ g¯|¨f uwc©u vεi0 (· − e)
|sºeª«O{¯¨¯
|e| ≤ ε
º%¾r|s};s}|³uvq§s}yeSg{}´Ts}O¯¨ytuw|­;x,Oª
Lαi0 (x,Dw(x)) = 0, x ∈ B(x0, ε). 7 8
¹|­¬
e1 ∈ B(0, ε)
º=Ox©¯¨gu
ϕ ∈ C2(RN )
Sgs}y©cuwc©u
vεi0 (· − e1)−ϕ(·)
c©Os+¯¨tO¯©fh|­x©|­f%yefu
xe1 ∈ B(x0, ε)
±+b#ceg?x
vεi0 (·) − ϕ(· + e1)
c©Oskh¯­tO¯fh|­x©|­f%yef u
xe1 − e1 ∈ B(x0, 2ε)
±#or|¨x©g
vε(·)
|s	%¾r|s};s}|³uvqs}O¯¨ytu}|¨Oxª 7 4=18!ºtOx© vεi0(x0) −minj 6=i0{vεj (x0) + k} ≤ 0
=q 7 4O(8!ºt»+gmcM¾Oguwc©u
inf
|e|≤ε
Lαi0 (xe1 − e1 + e, v
ε
i0(xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 )) ≥ 0, ∀ |e| ≤ ε.
°·xh©O{Quw|¨ye¯{9ºª«O{
e = e1
º=»¸g#;tuwO|­x u}cu
vεi0 (·−e1)
|s5¾r|¨sw=sQ|­uvq's}yeg?{Q´·s}O¯¨ytu}|¨Ox ª 7 8!±7or|¨x©g
e1
|¨s+xZO{}©|³uw{wO{}q ;|­x=u+|­x
B(0, ε)
ºr»¸gmOtu|¨xu}cu
vεi0(· − e)
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X := {x ∈ RN |uh(x) = ψ(x)}; Y := {x ∈ R
N |S(h, x, uh, [uh]x) = 0}.
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vε = (v1ε, . . . , vMε)
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w(y) := mini viε(y)
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mg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m := sup
y∈Y
{uh(y) − w(y)} = sup
i∈I,y∈Y
{uh(y) − viε(y)}. 7 (4-8
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mk := sup
y∈Y
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x0 ∈ arg max
y∈Y
{uh(y) − vi0ε(y) − kφ(y)}, 7 =-8
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i0 ∈ argminj∈I vjε(x0)
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mk ≥ uh(y) − vi0ε(y) − kφ(y),
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supα L
α(x0,D(vi0ε + kφ)(x0)) ≥ −Ck.
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»	|­u}c 7 o\8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u
−Ck −KCQ(vi0ε + kφ) ≤ S(h, x0, (vi0ε + kφ)(x0), vi0ε + kφ)
≤ S(h, x0, uh(x0) −mk, uh −mk)
≤ −λmk + S(h, x0, uh(x0), uh) = −λmk.
¥ gOeuw|¨x
λmk ≤ KCQ(vi0ε + kφ) + Ck.
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x ∈ Y
x©Zª«O{g?¾Og?{}q
i ∈ I
º
sup
y∈Y
{uh(y) − u(y)} ≤ m+ sup
y∈Y
{w(y) − u(y)}
≤ m+ sup
y∈Y
{w(y) − viε(y)} + sup
y∈Y
{viε(y) − v
ε
i (y)}
+sup
y∈Y
{vεi (y) − vi(y)} + sup
y∈Y
{vi(y) − u(y)}. 7 ;(8
;kee¯¨qr|­xe 7 4 & 8º 7  ) 8ºex©Zu}cegªÕ;!u	uwc©u w(y) ≤ viε(y) ª«;{¯¨¯ i ∈ I ºe»+g;tuwO|­x
sup
y∈Y
{uh(y) − u(y)} ≤ m+ Cε+ Ck
1/3. 7  (-8
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u− uh ≤ KCQ(vi0ε) + Cε+ Ck
1/3, ∀ x ∈ Y.
b#c©g{wg?s}ye¯­u	ª«O¯¨¯­»s+rqZs}gu}u}|¨xe
ε = maxi∈J h
3ki
3i−2
xZy©s}|¨xe 7 4 ) 8!±2
	 ÈrÌ ¡ È    #21* 		  "0' # 	  &% /  . >#' * 0+   #'3		   #(&>B  $.	 
 #$54  	*%   #
uh
#
Cb,l(R
N )
 "  .,B 
uh − u ≤ Ch
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x ∈ X
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uh(x) = ψ(x) ≤ u(x)
ºru}c©g{wgª«O{wg 7 (85ce;¯¨©s±<°Tª x ∈ Y º=uwcegx,=quwceg;{}g?f ©ºr»¸gc©M¾;gu}cu
uh(x)−u(x) ≤ Ch
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g X ∪ Y = RN º=uwceg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   
	          
°·xuwce|¨smsQg9!uw|­;x»+gs}ce» uwc©uk;ye{	{wg?s}ye¯³us	g¬ruwgx©,u}huwceg'?Os}gª7he{}g9;f O!us}guOª7Ox=u}{wO¯s?±
¥ g"gx©t»uwceg®sQguOª%;x;uw{};¯¨sZ»	|³uwc uwceg"e|¨sQuwOx©g
d(α, α′) := |Φα − Φα
′
|0
ºm»	ceg?{}g
Φα :=
(aα, bα, cα, fα)
± ¥ ghs}yeeS;s}gu}cu
supα∈A |Φ
α|1 < +∞
±mæ{}g9Ofh©;!uwxeg?swsOª
A
|¨smg?~=ye|¨¾¯¨gx=u
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7 ;+4-8§ª«O{	g?¾Og{wq δ > 0 ºeu}ceg?{}g{wg M ∈ N Ox© {αi}Mi=1 ⊂ A º©s}y©c,u}c©u
sup
α∈A
inf
1≤i≤M
(|σα − σαi |0 + |b
α − bαi |0 + |c
α − cαi |0 + |f
α − fαi |0) ≤ δ.
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min{sup
α∈A
Lα(x,Du(x));u(x) − ψ(x)} = 0, x ∈ RN .
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;s}|­uvq§sQ;¯­ytuw|­;xHª
min{ sup
i∈IM
Lαi(x,Dwδ(x));wδ(x) − ψ(x)} = 0, x ∈ R
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IM := {1, . . . ,M}
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C
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K
Ox©
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wh,δ
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wδ
ºMuwcegx%»¸g¸c©M¾Og
uh ≤ wh,δ
ºx©
wh,δ−wδ ≤ Ch
γ̄ º»	c©g{wg γ̄ = mini∈J{ki/(3i−2)} º
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IM
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−Chγ ≤ uh − u ≤ uh − wh,δ + wh,δ − w + w − u ≤ Ch
γ̄ + C1δ, 7 O18
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γ = mini∈J{ki/i}
º
γ̄ = mini∈J{ki/(3i − 2)}
º
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O|¨¾Ogx"rq 7 o 4-8± ;¯¨¯æ;x©sQuwx=usg?|­xe|¨x©tg?g?x©tg?x;uªæu}ceghsQ|¨¿g%ª
IM
ºSu}c©gxÅ»+ghxÂcer;s}g
δ
ªæu}ceg O{tg{mª
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−C(δ + hγ) ≤ wh,δ − u ≤ C(δ + h
γ̄).
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x
Sg|­x
R
º
φ
|¨x
Cn(R)
º
h
|¨x
R
x,tgÏ©xeg
δ±φ(x) =
φ(x ± h) − φ(x)
h
, ∆φ(x) =
φ(x + h) − 2φ(x) + φ(x− h)
h2
.
°·xH©O{Quw|¨ye¯{9º=rqZhbMqr¯­;{+g¬t©x©s}|¨Oxºt»+gOtu|¨x
|δ±φ(x) −Dφ(x)| ≤
1
2
h|D2φ|, |∆hφ(x) −D
2φ(x)| ≤
1
12
h2|D4φ|.
¸;x©s}|¨tg?{+u}cegÏ©x©|³uwgt|³Î\g{wgxgswcegfhg|­x
R
<
S(h, x, r, φ) :=
= sup
α
{−aα(x)∆φ(x) − bα+(x)δ+φ(x) + b
α
−(x)δ−φ(x) + c
α(x)r − fα(x)}, 7 14-8
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bα+(x) = max(b
α(x), 0)
ºx
bα−(x) = max(−b
α(x), 0)
±¸¹©O{	uwceg;x©sQ|sQu}gxqZcrqrSu}c©g?s}|¨s
7 o 4-8º1»+g%;tuwO|­x1ºª«{wOfu}c©g§S¾OghbMqr¯¨O{g¬t©xsQ|¨Oxº Q(φ) = |D2φ|h + |D4φ|h2 º|â± gO± k2 = 1Ox©
k4 = 2
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ºerq 7 4;-8+x 7 -8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−Ch1/5 ≤ u− uh ≤ Ch
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S : R+ × RN × R × Cb(R
N ) → R
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min
i∈J
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i
≥
1
2
, min
i∈J
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3i− 2
≥
1
5
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(i) ki ≥ i/2,


i ≤ 4; (ii) ki ≥ (3i − 2)/5,

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h ∈ R
Ox©®F{wgOy©¯¨O{O{w|¨"ªt|sw{wgu}|¨¿?u}|¨Ox
Gh
± ¥ |³uwc¦u}ceg,rO{t|¨x©uwg
k = (k1, . . . , kN )
|­x
Z
N ºS|¨smOswsQt|uwg?Zu}ceg%;|­x=u xk ∈ RN ª<u}c©gª«O{wf xk := (k1h, . . . , kNh).1gu
{Xhq , q ≥ 0}
u}c©gCsvuu}g9shªmu}cegClCO{}Ã;¾¦c©|¨x_uu}|¨fhg
q
º¸»	|­u}c_u}{xsQ|­u}|¨Ox_e{wO©Oe|­¯¨|­u}|¨g?s
p(xk, y|α)
º
α
Sg|¨xeuwceg'Ox=u}{wO¯¾¯¨yeg;± 1gu
∆th
xH|¨x;uwg{w;¯¨u}|¨OxH|¨x;uwg{w¾¯1swuw|¨sQª«qr|­xe
∆th → 0;s
h → 0
º\Ox©C¯¨gu
E
h,α
k,q
Sg'uwcegOxt|³uw|­;x©¯g¬tSg?uwuw|­;xÅOª
Xhq+1
ºO|¨¾Og?x
{Xhq = xk}
x©Cu}ceg
Ox=u}{wO¯¸¾¯¨yeg
α
± ; =s}s}|¨e¯­gOeOtuwu}|¨Ox®ª«;{'uwceg,;sQu'ª«yex©u}|¨Ox)u}Cuwce|s%lCO{}Ã;¾Âc©O|­x)|¨s'u}ceg
ª«;¯­¯¨»	|¨xe<
W h(x, α) = ∆th
[
∑
q≥0
fα(Xhq )(1 + c
α(x)∆th)−q−1
]
.
;kee¯¨qr|­xeZu}ceg tqrx©fh|e{wO;{wOfhf |e{w|­x|¨e¯­g'ª«O{ku}ceg Ox=uw{};¯­¯¨g?Fc©O|­x
{Xhq , q ≥ 0}
ºusQuwu}g
xk ∈ Gh
ºe»+gOtu|¨xZuwcegª«O¯¨¯­»	|¨xe {}g?¯¨u}|¨Ox@<
uh(xk) = max{inf
α
(
1
1 + cα(xk)∆th
(
∑
y
p(xk, y|α)uh(y) + f
α(xk)∆t
h
)
);ψ(xk)}. 7  ) 8
ot|­x©g
1 + cα(xk)∆t
h ≥ 0
ª«O{O¯­¯
α
º 7  ) 8¸fMq§Sg»	{}|­uQuwgxH|­xuwcegª«O{wf 7 -8!ºe»	|­u}c
S(h, xk, r, φ) = sup
α
{
−
1
∆th
∑
y
p(xk, y|α)φ(y) − f
α(xk) +
1
∆th
r + cα(xk)r
}
. 7 -8
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¥ |­u}cHuwcegS¾OgtgÏ©xe|­u}|¨Oxª«O{
S
ºtu}c©g'OswsQy©f eu}|¨Ox©s 7 o\8#Ox© 7 oe-8#{wgs}u}|svÏ©g9±¸ory©e=sQguwc©u
7 o 4-8+|sswuw|¨sQÏ©g?x,»+g»+Ox=u+uw¯­r;Ãª«O{s}|­fhe¯¨g;x©t|­u}|¨Ox©s#;xu}cege{wOe|¨¯­|­u}|¨g?s p(xk, y) x©;x"u}ceg
ki
egÏ©xeg9¦|¨x 7 o 4(8!º<yex©tg?{u}c©;s}g§»¸g;tuwO|­x¦g9~=y©¯5;{SguQuwg{%g?sQu}|¨fhu}guwc©x 7  8!± ¥ gx©u}g
Px,y =
∑
y p(x, y|α)
±æjks}|¨xeh{}g?fhO{}ÃFMtºt»+gOtu|¨x,uwcegª«O¯¨¯¨»	|­xe$<
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ki, i ∈ J

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    .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 %
‖
1
∆th
Px,y(x− y) − b
α(x)‖ = KCh
k1

 %
‖
1
2∆th
Px,y(y − x)
2 − aα(x)‖ = KCh
k2

  %
‖
1
i!∆th
Px,y(y − x)
i‖ = KCh
ki


i = 3, 4

" 
k1 ≥
1
2
, k2 ≥ 1, k3 ≥
3
2
, k4 ≥ 2. 7 (-8
/   .*&"  .  *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x ∈ R
ºSx©¯¨gu
φ ∈ Cn(RN )
º©sQyc,uwc©u
Diφ
|¨s;yex©tg9Zª«;{
i = 1, . . . , n
±#orgu
∆φ := |supα L
α(x,Dφ(x)) − S(h, x, φ(x), φ)|
± ;kxy©eg?{SOyex©Oª
∆φ
|s
|sup
α
(
− tr[aα(x)D2φ(x)] − bα(x)Dφ(x) +
1
∆th
∑
y
p(x, y|α)(φ(y) − φ(x))
)
|
¹©{};f u}c©gbMqr¯¨O{#g¬t©Ox©sQ|¨Ox,ª
φ(y)
yeu}hO{tg{	ºt»¸gtg9ty©gu}c©u
∆φ ≤ ∆φ1 + ∆
φ
2 + ∆
φ
3 + ∆
φ
4 , 7+& -8
»	c©g{wg
∆φ1 : = sup
α
| − bα(x)Dφ(x) +
1
∆th
Px,yDφ(x)(y − x)|,
∆φ2 : = sup
α
| − tr[aα(x)D2φ(x)] +
1
2∆th
Px,yD
2φ(x)(y − x)2|,
∆φi : = sup
α
|
1
i!∆th
Px,yD
iφ(x)(y − x)i|, i = 3, 4.
é«ÜïéëÝ
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otyeeS;s}gZxe» u}cuOxt|³uw|­;x©s 7 e8T´ 7 8x 7 (-8O{}gZswuw|¨sQÏ©g9±Âb#ceg?x J = {1, 2, 3, 4} ºOx©Oee¯¨qr|­xe,{}g?f{wÃÂMtº\»¸g Oeuw|¨xFuwceg%{wg?s}ye¯­u?±lF;{}g?¾Og?{?º|³ª
k4 > 2
º\u}c©gx
ki/(3i− 2) > 1/5
ª«O{
O¯­¯
i
±5²g?x©g»+gm;tuwO|­xH svuw{}|!uw¯­q§Sgu}u}g?{	¯­»+g{+;yex©±æot|­x©g
ki/i ≥ 1/2
ª«O{O¯­¯
i
|¨x
J
ºt|­ª¯¨¯
kiswuw|¨sQª«qZsQu}{w|¨u}¯¨q 7 (-8ºt»¸gc©M¾;g Sgu}u}g{kyeeSg{SOyex±otyeeS;s}gx©» u}cu»+gcM¾Og guQu}g?{O{#g9~;y¯g?sQu}|¨fuwgu}c©Ox 7  8!±7b#cegxH»+gc©M¾Og
∆φ ≤ KC
∑
i∈J
|Diφ|hki , 7+& 8
»	|­u}c
mini∈J ki/i ≥ 1/2
Ox©
mini∈J ki/(3i− 2) ≥ 1/5
ºx©Hceg?{}g
J = {1, 2, 3, 4}
±æ¹©{};f 7+& 8º
7+& (8x©Á{}g?fhO{}Ã  ) º»+g§c©M¾;ghu}c©u 7 e8·´ 7 8'{wg§s}u}|svÏg?¦»	|­u}c ki ;s|¨x 7 (-8±C°Tª	u}ceg¯¨»¸g?{SOy©x©H|¨smsvuw{}|!uw¯­q,e|¨OOg?{	u}cu
1/5
º©s}|¨x©g
ki/(3i− 2) > 1/5
ª«O{
i = 1, 2, 3
ºtu}ceg?xF»¸gf%y©sQukc©M¾Og
k4 > 2
±<°Tªu}cegye©g?{+SOy©x©§|s#svuw{}|!uw¯­qhe|¨O;g{¸u}c©Ox
1/2
ºrsQ|¨x©g
ki ≥ i/2
ª«O{#¯¨¯
i
º=uwcegx,»¸gf'y©sQu
cM¾Og
ki > i/2
ª«;{¯¨¯
i
±
2
,È Á¢t¡  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     .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"#2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  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 $ ' 
‖E(y − x) − bα(x)∆th‖ ≤ ∆thr1, ‖Cov(y) − 2a
α(x)‖ ≤ ∆thr2.
"
#   "  .
ri = o(1)
+

i = 1, 2
 
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r1 = h
k1
#'
r2 = h
k2 + ∆thh2k1 + ∆th

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∆φi ≤ |D
iφ| · ‖E(y − x)i − ai‖, 7+& 18

 	*
ai
#'
 %%
φ
 2  	 #'%4 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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 0#"	#'
‖E(y − x)i − ai‖
 	 B  02%
# 	/#
 "  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 #2
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φ
 "#21 % *
B
#
i
% #'
	  *  
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C

 "  
|Diφ(x)B| ≤ C|Diφ|, ∀φ ∈ Cn(RN )
	 3B 
Diφ
 	& #'-
∀ i,
 	
C = |B|.
"
#'1  "  0-
#$ %
ai
#2
E(y−x)i
" B
i
% #'"	,
  
,	  #' B 
 .  	 0'%   
	B    0 2 "  #'%4 % $ 

i
% #'	  * 
,	 
/   

∆φ := |
∑4
i=1 D
iφ(x)E(y − x)i − aiDiφ(x)|
'
	* 
ai
    . B ,02%
# 	/#	
Ci
	 3B 
∆ ≤
4
∑
i=1
Ci|D
iφ(E(y − x)i − ai|, ∀φ ∈ Cn(RN )
	  
Diφ
 	& #21
∀ i,

Ci = 1
 
,%%
i

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¥ g5;|­¾;gc©g{wg5xg¬efhe¯¨g7ªt+Ï©xe|­u}g¸t|³Î\g{wgxgæswcegfhg<ª«;{»	ce|¨cuwceg
ki
t	xeOuswu}|sQª«qm;x©t|­u}|¨Ox©s
;|­¾;gxH|¨x{wgfO{}ÃCMtº©Ox©H»+g»	|­¯¨¯s}ce»Vu}c©uk»¸g;tuwO|­xFhg9svuw|­fuwg»+O{sQgu}cx 7 (8!±¸OxsQ|tg{uwcegª«O¯¨¯¨»	|­xe g?~=y©u}|¨Ox
sup
α
{− tr[aα(x)D2u(x)] + cα(x)u(x) − fα(x)} = 0, x ∈ R2, 7+& 4-8
»	|­u}c
bα(x) = 0, aα(x) =
(
1 0
0 2
)
, ∀ x, α.
1gu
h
u}ceg%t|¨sw{wguw|­¿9uw|­;xHsQu}g?Cx©
∆th
uwceg'|¨x=u}g?{}SO¯uw|­;x|¨x=u}g?{}¾¯A± ¥ g'Ox©s}|tg{	uwcegª«;¯­¯¨»	|­x©
©{};©e|¨¯¨|³uw|­g9s¸Oªuw{wOx©s}|³uw|­;x@<
p(x, x − he2|α) =
1
2
; p(x, x± he1 + he2|α) =
1
4
.
°·xH©O{Quw|¨ye¯{9º=|­ª<»¸gcer;s}g
∆th = 1
4
h2
ºe»+gcM¾Ogu}c©u#u}ceg9sQge{wOe|¨¯­|­u}|¨g?s#¾;g{w|³ª«q
E(y − x) =
1
2
(
0
−h
)
+
1
4
(
h
h
)
+
1
4
(
−h
h
)
=
(
0
0
)
,
Ox©
E(y − x)2 =
1
2
(
0 0
0 h2
)
+
1
4
(
h2 h2
h2 h2
)
+
1
4
(
h2 −h2
−h2 h2
)
= ∆th
(
1 0
0 2
)
.
¥ gc©M¾;gkuwc©u
∑
y
p(x, y)
h2
D3φ(x)(y − x)3
=
∑
y
p(x, y)
h2
[ 3
∑
i=0
∂3φ
∂xi1∂x
3−i
2
(x)(y1 − x1)
i(y2 − x2)
3−i
]
= −
1
2
∂3φ
∂x32
(x)h+
1
4
(
∂3φ
∂x31
(x)h +
∂3φ
∂x21x2
(x)h+
∂3φ
∂x1x22
(x)h+
∂3φ
∂x32
(x)h
)
+
1
4
(
−
∂3φ
∂x31
(x)h+
∂3φ
∂x21x2
(x)h −
∂3φ
∂x1x22
(x)h+
∂3φ
∂x32
(x)h
)
=
1
2
∂3φ
∂x21x2
(x)h.
²kgx©g»¸g?x»	{}|­u}g 7 o 4-8+|¨x,uwcegª«O¯¨¯¨»	|­xe »#Mq
|sup
α
Lα(x, φ(x), Dφ(x), D2φ(x)) − S(x, h, φ(x), φ)| ≤
é«ÜïéëÝ
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1
2
|
∂3φ
∂x21∂x2
(x)|h+
(
1
2
|
∂4φ
∂x41
(x)| +
1
2
|
∂4φ
∂x21∂x
2
2
|(x) + |
∂4φ
∂x42
|(x)
)
h2.
ot©ºt»+gcM¾Og
k3 = 1
x©
k4 = 2
ºex©,rqZe©¯­qr|¨xe u}ceg?O{wgf 4Ox©§uwceg;{}g?fh»¸g;tuwO|­x
−Ch1/7 ≤ u− uh ≤ Ch
1/3. 7+& (8
 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¥ g;x©s}|¨tg?{+u}ceg;gxeg?{wO¯­|¨¿g9Ï©x©|³uwgt|³Î\g{wgxg?s	swceg?f gtgÏ©xeg9,|¨x®Ä ÆA± 1gu
ϕ = {ϕk}
g {wg?¯
¾O¯­yeg9§ª«y©x©!uw|­;x¾;g{
Z
N ± gu ξ ∈ ZN x,Ox©s}|¨eg{#u}c©gÏ©xe|­u}gt|­ÎSg?{}g?x©g;g?{wu}O{
∆ξϕk := ϕk+ξ + ϕk−ξ − 2ϕk.
°·x
φ
g?¯­;xe;s+uw
C2(RN )
ºx©
ϕk := φ(xk)
ª«O{¯¨¯
k
ºtuwcegxH»+gcM¾Og
∆ξϕk := φ(xk+ξ) + φ(xk−ξ) − 2φ(xk).
b#c©gx»¸gOx©s}|¨eg{
(Dkuh(xk))i =





uh(xk+ei ) − uh(xk)
h
|³ª
bαi (xk) ≥ 0,
uh(xk) − uh(xk−ei )
h
|³ª
bαi (xk) ≤ 0.
1gu
S
gæ	Ï©xe|­u}g¸s}guª
Z\{0}
Ox=uwO|­xe|¨xe
{e1, . . . , eN}
± ¥ gæ;x©sQ|tg?{u}cegæª«O¯¨¯­»	|¨xe	e{wOe|¨¯­|­u}|¨g?s
Oª1uw{wOx©sQ|­u}|¨Ox
pα(xk, xk |α) = 1 − ∆t
h
N
∑
i=1
(
|bαi (xk)|
h
+ 2
∑
ξ∈S
αk,ξ
)
,
pα(xk, xk ± eih|α) = ∆t
h
(
bα±i (xk)
h
+ αk,ei
)
,
pα(xk, xk + ξh|α) = ∆t
hαk,ξ
ª«O{
ξ ∈ S, ξ 6= ei,
pα(xk, y|α) = 0
ª«;{
y /∈ xk+S .b#c©gx»¸g?x»	{}|­u}g 7 O-8¸|¨x,uwcegª«O¯¨¯¨»	|­xeh»#Mq2<
S(h, xk, r, φ) = sup
α
{
−
∑
ξ∈S
αk,ξ∆ξφ(xk) − b
α(xk)Dkφ(xk) + c
α(xk)r − f
α(xk)
}
. 7+& 18
¥ gfÃ;gkuwcegsvuw{};xe;x©sQ|sQu}gxqcrqrOu}ceg9sQ|s#Oxu}c©gfhu}{w|³¬
aα(x) =
∑
i,j
h2ξiξjαk,ξeie
T
j , ∀ k ∈ Z
N .
b#c©g's}c©gfhg'tgÏ©xeg?H|¨x 7+& 18s}u}|svÏ©g9s 7 o8	gu 7 o©18!± ¥ g%Ox©s}|tg{kª«yex©!uw|­;x φ ∈ C2(RN ) ±¶+qOee¯¨qr|­xehbMq=¯¨O{#g¬rx©s}|­;xºr»¸g;tuwO|­x
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7 o 4-8 |sup
α∈A
Lα(x, φ,Dφ,D2φ) − S(x, h, φ(x), φ)| ≤
sup
α∈A
|bα|0|D
2φ|0h+ sup
α∈A
|σα|20|D
4φ|0h
2 ±
ot»+gOx swMquwc©u
k2 = 1
x
k4 = 2
± ;ee¯¨qr|­x©u}ceg?O{wgfs 4x© ©ºOOtu|¨x%uwcegswfhg#g?sQu}|¨fhu}g
;s#|­xuwcegOs}gª<Oxege¯MqOg?{ 7 s}gghÄ Æ8±
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uh
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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S
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−Ch1/5 ≤ u− uh ≤ Ch
1/2. 2
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°·xZu}ce|s	©g?x©t|­¬§»¸ge{w¾Og	uwceg»¸g?¯­¯­´AS;s}g?exeg?sws5Oª1u}c©gs}»	|³uce|¨xe s}qtsvuwgf 7 918º=ª«O{ k ≥ 0 ºryex©eg{;s}s}yefhtuw|­;x©s 7 ;8kx© 7 ;m-8	;xHu}ceghrg
:§|­g?x;us 7 svuu}g9F|¨xÅsQg9!uw|­;xÅ18!± ¥ g?¯­¯­´T=sQg9txeg?swsOª7u}ceg;{}|¨O|¨x©O¯g9~;yu}|¨Ox 7 8æ»	|¨¯¨¯\ª«O¯¨¯­» rq§s}gu}u}|¨xe k = 0 ± gu	y©s#svu{}u#rq§sQuwu}|¨xe %uwg?cexe|O¯\¯­g?f f»	c©|¨c|¨skxg?Os}q§g¬=uwgx©s}|¨Oxª 7 Ä eºe¯¨gfhf ;'± Æ8
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v̄
 & #21#'
# #  		 0*/	
%   #   #2B *%4  #+0.  " 

Lα
 	 /02% 1 
L̄α
 	*  	%# &
B  	*,		  "0' #	 "  # *
#$	
(σ̄α, b̄α, c̄α, f̄α)
  

g ∈ C2(RN × RN )
  #	1*
m := sup
i,x,y
{vi(x) − v̄i(y) − g(x, y)},
#'	 0-0 	* B  B 	 0  	 #'  	
  0#
(i0, x0, y0)
2*
A := {i ∈ I|(i, x0, y0)
%  
	  	 0
}; I(x0) := {i ∈ I|vi(x0) ≤ ψ(x0)}.
"
A ∩ I(x0) = ∅
B *# B *- 		
i ∈ A
	  
v̄i(y0) < min
j 6=i
{v̄j(y0) + k}. 7'& & 8
' ¡ ÌÌ ¥ g§e{wtgg9"=q®;x=u}{Ot|!uw|­;x± 1gu
j
|¨x
A
±H°Tª 7'&& 8trg?sxeu'c©O¯ºu}ceg?{}gg¬r|sQuws
` ∈ I
s}y©c,u}c©u
v̄j(y0) ≥ v̄l(y0) + k. 7'&) 8ot|­x©g
A ∩ I(x0) = ∅
ºru}c©gxª«O{O¯­¯
i ∈ A
º
max{Lαi(x0, vi(x0), Dxg(x0), D
2
xxg(x0)); vi(x0) − min
j 6=i
{vj(x0) + k}} ≤ 0.
²kgx©g»¸g;tuwO|­x
vj(x0) ≤ vl(x0) + k
ºeOx©§uwcegxF»	|­u}c 7+& ) 8º
vj(x0) − v̄j(y0) ≤ vl(x0) − v̄l(y0). 7+& -8
é«ÜïéëÝ
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b#c©g{wgª«O{wg
l ∈ A
º=Ox© g?~=y©¯¨|­uvq'ce;¯¨es5|­x 7+& -8±b#c©gx v̄j(y0) = v̄l(y0)+k ±5or|¨x©g A |¨s¸Ï©xe|­u}gks}gu9ºuwce|s<e{}¾;g?s1u}c©u7u}ceg?{}g#g¬r|sQuws7kÏ©xe|­u}gs}g?~=yegxg
j1, . . . , jK ∈ A
sQy©c%u}cu
v̄ji(y0) = v̄ji+1(y0)+kª«;{
i = 1, . . . ,K − 1
ºeOx©
j1 = jK
±æorh»+gOtu|¨x
0 =
K−1
∑
i=1
(v̄ji(y0) − v̄ji+1(y0)) = (K − 1)k > 0,
Ox©,»¸gc©M¾;ghOx=u}{Ot|!uw|­;x±<b#ceg{wgª«;{}g 7'& & 8¸ce;¯¨es?± 2ik»»+g,Ox sQuwu}g,u}cegª«O¯¨¯¨»	|­xeÂ¯­g?fhfh"SOyeuOfh©O{}|sQ;xº<g¬t|svuwgx©gOºæy©xe|¨~=yeg?xeg?sws x©)u}ceg
SOy©x©esmOxHu}c©g s}O¯¨ytu}|¨Ox
v = (v1, . . . , vM )
ª 7 9-8!±kb#ce|sm|¨sxCg9Os}q,g¬ru}gxsQ|¨OxFOª 7 ÄÙtºSu}ceg?O{wgf;'±­Æ8±
 ¸È  Á¢ *   #'-
		  "0' #	'&% #' '/. B  
%% 0" #(& 	
*#	  % 1)
 "B
v
#2
w
 	 0* .*%!	 /	
%   # #' 	 0
/	*%  #  1.  	 3B 
vi, wi ∈
Cb(R
N )

,%%
i ∈ I
B *#
v ≤ w
#
R
N 
2 *3- 		"  #54  . 	*	 	*%  #
v
  .   	  B 
vi ∈ Cb,l(R
N )

 %%
i ∈ I

2  	 	*%   # 	*  	 " 	
max
i
|vi|0 ≤ max
{
λ−1sup
α
|fα|0; |ψ|0
}
, 7+& (-8
max
i
[vi]1 ≤ max
{
sup
i,α
[cα]1|vi|0 + [f
α]1
min{1, λ} − [σα]21 − [b
α]1
; [ψ]1
}
. 7 ) -8
' ¡ ÌÌ 7 -8+b#ce|s	|s	 Ox©s}g?~=yeg?x©gOª1u}c©gOfh©O{}|s}OxZ©{}|¨x©|¨e¯¨gÄ­9tºru}c©gO{wgf 4e±¨ÆT±
7 $8 ! ¬t|svuwgx©g'x,y©xe|¨~=yeg?xeg?sws#ª«;¯­¯¨» ª«{wOf u}ceg%Ofh©O{}|s}Oxe{}|¨x©|­e¯¨g19©u}ceg?qO{}ge{w¾Og9Z|¨x¦Ä¨?MÆª«;{'uwcegFk|¨{w|¨ce¯¨guhe{wOe¯¨gf ;x)Â;yex©tg9 t;f|¨x±Áb1Âg¬ru}g?x©)u}ceg{}g9sQy©¯³u u}®x yexr;yex©tg9
eOf|¨xº\»¸g c©M¾;g'Ox©¯­qHuw,fhtt|­ª«qHu}ceg%u}g9svuª«yex©u}|¨Ox©sOªkÄ­9MÆ7|­xÂu}c©g sQuwOx©e{F»#MqO±1gu
M :=
max{supα λ
−1|fα|0; |ψ|0}.
°Tu#|¨s+g?;sQq%u}hs}ggmu}c©u
M
x
−M
{wgk{wg?s}g9!uw|­¾;g¯¨qhs}yeSg{	x§sQy©t´
s}O¯¨ytuw|­;x,Oª 7 M18±5²gxgOº©=q§u}cegOfh©{w|sQ;xZe{w|­x|¨e¯­g»+gOtu|¨xZuwceg;yex©Ox maxi |vi|0 ±bhOtu|¨xZuwcegSOyex©;x
maxi[vi]1
ºt»+gsQgu
m := sup
i,x,y
φi(x, y) := sup
i,x,y
{vi(x) − vi(y) − δ|x− y|
2 − ε(|x|2 + |y|2)},
»	c©g{wg
δ > 0
Ox©
ε > 0
±7b#cegs}yee{wgf%yef|s	u}uw|¨xeg9u%SO|¨x=u
(i0, x0, y0)
º©s}
m = vi0 (x0) − vi0 (y0) − δ|x0 − y0|
2 − ε(|x0|
2 + |y0|
2).
mgÏxegu}cegª«;¯­¯¨»	|¨xe s}gus*<
A := {i ∈ I|(i, x0, y0)
{}g9¯¨|­¿?g?s¸u}c©gsQye
}, I(x0) := {i ∈ I|vi(x0) = ψ(x0)}.
ïï êC©øDDMö
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b#c©g5f¬t|­f%yef e{w|­x©|­©¯­g7ª«;{s}gfh|­´TOx=u}|¨xryeOy©sª«yex©!uw|­;x©s 7 s}ggÄ ) ÆB8!ºOx©u}ceg+tgÏxe|³uw|­;xªt¾r|s};s}|³uvqs}O¯¨ytuw|­;x©s#|­fhe¯¨quwc©u9ºtª«O{
i ∈ A
ºeu}ceg?{}gg¬r|sQu
X,Y ∈ SN
s}y©c,u}c©u
min{max(Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}); vi(x0) − ψ(x0)} ≤ 0,
min{max(Lαi(y0, vi(y0), py, Y ); vi(y0) − min
j 6=i
{vj(y0) + k}); vi(y0) − ψ(y0)} ≥ 0,
»	c©g{wg
px = 2δ(x0 − y0) + 2εx0
º
py = 2δ(x0 − y0) − 2εy0
ºeOx©,u}ceg?{}gg¬t|svus
` > 0
sQy©c,u}cu
(
X 0
0 −Y
)
≤ `δ
(
I −I
−I I
)
+ `ε
(
I 0
0 I
)
+ O(k).
 ;o !  < b#ceg{wgg¬r|sQuws
i ∈ A∩ I(x0)
º=|â± gO±¨º
vi(x0) = ψ(x0)
±æor|¨x©g
v̄i(y0) ≥ ψ(y0)
º=ª«O{æO¯­¯
i ∈ A
º
»+gc©M¾Og
vi(x0) − v̄i(y0) ≤ ψ(x0) − ψ(y0) ≤ [ψ]1|x0 − y0|.
 ;o !  <5b#cegs}gu
A ∩ I(x0)
|s	gfhtuvq;±5b#cegx
max{Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}} ≤ 0, ∀ i ∈ A. 7 ) 8
ot|­x©g
max{Lαi0 (y0, vi0 (y0), py, Y ); vi0 (y0) − minj 6=i0{vj(y0) + k}} ≥ 0
º\e©¯­qr|¨xe§¯¨gfhfC (©º
;tuwO|­x
Lαi0 (x0, vi0(x0), px, X) ≤ 0 ≤ L
αi0 (y0, vi0(y0), py, Y ).ik» »+gxe{wtgg9,;s#|­xuwcegsvux©©{Zs}|³uwy©uw|­;x 7 sQg?ghÄ­Mrºe¯¨gfhf ;'±­Æ8±¸;f'e|¨xe|¨xe;sQg9smOx©F'»+gOtu|¨xZuwceg{wg?s}ye¯³u9±
2
¶+qZysQ|¨xe 7 Ä¨Oºruwceg;{}g?f ;±¨ÆB8!ºe»+ge{w¾Ogmu}cegª«;¯­¯¨»	|­x©%uwceg;{}g?fH±
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v
#'
v̄
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σ, b, c, f
#'
σ̄, b̄, c̄, f̄	 0* .*%! #010	* B "		  "0' #	 '  /'/.3,	
 	 "  
B 	*
	,  A# 
*#	
" B3B  	*
λ
 #'
maxi |vi|1 + maxi |v̄i|1 ≤M <∞
'
#
λmax
i
|vi − v̄i|0 ≤M
(
sup
α
{|σα − σ̄α|0 + |b
α − b̄α|0 + |c
α − c̄α|0 + |f
α − f̄α|0}
)
,
" 

M
10
#2	,#
K

supi |vi|0

supi |v̄i|0

' ¡ ÌÌ ¥ gs}gu
m := sup
i,x,y
φi(x, y) := sup
i,x,y
{vi(x) − v̄i(y) − δ|x− y|
2 − ε(|x|2 + |y|2)},
»	c©g{wg
δ > 0
Ox©
ε > 0
±7b#cegk¼
sup
À|¨suQu|¨xeg?uk SO|¨x;u
(i, x0, y0)
º©s}
m = vi(x0) − v̄i(y0) − δ|x0 − y0|
2 − ε(|x0|
2 + |y0|
2).
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1gu
A := {i ∈ I|(i, x0, y0)
{}g9¯¨|­¿?gkuwceg
sup}, I(x0) := {i ∈ I|vi(x0) = ψ(x0)}.b#c©g5f¬t|­f%yef e{w|­x©|­©¯­g7ª«;{s}gfh|­´TOx=u}|¨xryeOy©sª«yex©!uw|­;x©s 7 s}ggÄ ) ÆB8!ºOx©u}ceg+tgÏxe|³uw|­;xªt¾r|s};s}|³uvqs}O¯¨ytuw|­;x©s#|­fhe¯¨quwc©u9ºtª«O{
i ∈ A
ºeu}ceg?{}gg¬r|sQu
X,Y ∈ SN
s}y©c,u}c©u
min{max(Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}); vi(x0) − ψ(x0)} ≤ 0,
min{max(Lαi(y0, v̄i(y0), py, Y ); v̄i(y0) − min
j 6=i
{v̄j(y0) + k}); v̄i(y0) − ψ(y0)} ≥ 0,
»	c©g{wg
px = 2δ(x0 − y0) + 2εx0
º
py = 2δ(x0 − y0) − 2εy0
ºeOx©,u}ceg?{}gg¬t|svus
` > 0
sQy©c,u}cu
(
X 0
0 −Y
)
≤ `δ
(
I −I
−I I
)
+ `ε
(
I 0
0 I
)
+ O(k).
¥ gc©M¾;gkuw§svuwy©tquv»+t|³Î\g{wgx=uk?Os}g?s?±
 ;o !  <+°Tª7u}ceg?{}g'g¬t|¨sQuws
i ∈ A ∩ I(x0)
ºu}ceg?x
vi(x0) = ψ(x0)
±mor|¨x©g
v̄i(y0) ≥ ψ(y0)
ºu}ceg?xC»¸g
cM¾Og
vi(x0) − v̄i(y0) ≤ ψ(x0) − ψ(y0) ≤ [ψ]1|x0 − y0|. ;mo !  <7°Tª
A ∩ I(x0) = ∅
ºru}ceg?x
max{Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}} ≤ 0, ∀ i ∈ A. 7 ) -8
ot|­x©gOº
max{Lαi0 (y0, v̄i0(y0), py, Y ); v̄i0(y0) − minj 6=i0{v̄j(y0) + k}} ≥ 0
ºee©¯­qr|¨xeh¯­g?f f (©º
»+gOtu|¨x
Lαi0 (x0, vi0(x0), px, X) ≤ 0 ≤ L̄
αi0 (y0, v̄i0(y0), py, Y ),Ox©Zu}ceg?x
0 ≤ − tr[āαi0 (y0)Y ] + tr[a
αi0 (x0)X ] − b̄
αi0 (y0)py + b
αi0 (x0)px+
c̄αi0 (y0)v̄i0(y0) − c
αi0 (x0)vi0 (x0) − f̄
αi0 (y0) + f
αi0 (x0)
=: (I) + (II) + (III) + (IV ).
;ms#|­x®Ä¨ÆTºe»+gOx©¯¨qr¿gg?;cZuwg{wf sQg?©{uwg¯¨q2<
(I) = tr[aαi0 (x0)X ] − tr[ā
αi0 (y0)Y ]
≤ 2`δ{|σαi0 (x0) − σ̄
αi0 (x0)|
2 + |σ̄αi0 (x0) − σ̄
αi0 (y0)|
2}
+`ε{|σαi0 (x0)|
2 + |σ̄αi0 (y0)|
2},
(II) = (bαi0 (x0) − b̄
αi0 (y0))(x0 − y0)
≤ 2|bαi0 (x0) − b̄
αi0 (x0)|
2 + 2|x0 − y0|
2
+|b̄αi0 (x0) − b̄
αi0 (y0)| |x0 − y0|,
(III) = c̄αi0 (y0)ū(y0) − c
αi0 (x0)u(x0)
≤ |u(x0)| |c
αi0 (x0) − c̄
αi0 (x0)| + |ū(y0)| |c̄
αi0 (x0) − c̄
αi0 (y0)|
−λm,
(IV ) = fαi0 (x0) − f̄
αi0 (y0)
≤ |fαi0 (x0) − f̄
αi0 (x0)| + |f̄
αi0 (x0) − f̄
αi0 (y0)| |x0 − y0|.
ïï êC©øDDMö
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²kgx©g»¸g;tuwO|­x
λm ≤ 2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20}+
+{|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2δ{`[σ̄αi0 ]21 + [b̄
αi0 ]1 + 2}|x0 − y0|
2+
{|v̄i0 |0[c̄
αi0 ]1 + [f̄
αi0 ]1}|x0 − y0| + Cε(1 + |x0| + |y0|).¥ gs}yef u}c©g;yex©es	;tuwO|­x©g?,|­xu}c©guv»¸;sQg9s¸u}c©M¾;g Og?xeg{¯\SOyex,Oª
m
±æorh»+g;tuwO|­x
λm ≤ 2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20}+
+{|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2δ{`[σ̄αi0 ]21 + [b̄
αi0 ]1 + 2}|x0 − y0|
2+
{|v̄i0 |0[c̄
αi0 ]1 + [f̄
αi0 ]1 + λ[ψ]1}|x0 − y0| + Cε(1 + |x0|
2 + |y0|
2).
¥ gsQgu
k1 := {2`[σ̄
αi0 ]21 + 2[b̄
αi0 ]1 + 4}
º
k2 := {|v̄i0 |0[c̄
αi0 ]1 + [f̄
αi0 ]1 + λ[ψ]1}
±<¹©{};f xe» ;x
»+ge{}tgg?ZOs+|­x 7 Ä¨Oºruwceg;{}g?f ;'±­Æ8±5iOu}|¨xe'uwc©u 2φ(x0, y0) ≥ φ(x0, x0) + φ(y0, y0) ºt»¸gc©M¾;g
|x0 − y0| ≤ Cδ
−1, 7 ) 4-8
»	c©g{wg
C
tg?g?x©es
K
±<b#c©g|­xeg9~=y©¯¨|³uvq 7*) 4(8¸|­fhe¯¨|­g9s#u}cu
|x0 − y0|
2 ≤ Cδ−2, 7 ) (8
»	c©g{wg
C
tg?g?x©es	;x
K
±7ot»¸gOeuw|¨x
λm ≤ {|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20} + C(k1 + k2)δ
−1 + Cε(1 + |x0|
2 + |y0|
2).
¥ gÃrxe»uwc©u
vi0 (x) − v̄i0(x) − 2ε|x|
2 ≤ m
ºex©Hs}
vi0(x) − v̄i0(x) ≤ {|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20} + C(k1 + k2)δ
−1 + 2ε|x|2 + Cε(1 + |x0|
2 + |y0|
2).
b#c©|¨s#|¨xeg?~=y©O¯­|­uvq§ce;¯¨©s+ª«O{	¯¨¯
δ
º©xZceg?x©g»+gf |¨xe|¨fh|­¿?g»	|³uwc,{wg?s}g9!u#u}
δ
ºtrq§xeOu}|¨xe u}c©u#ª«O{
l > 0
º
min
δ>0
(lδ + Cδ−1) = Cl1/2.
²kgx©gOºerqZs}gxt|­x©
ε
u}¿g?{}ºr»¸g;tuwO|­x
vi0(x) − v̄i0(x) ≤ {|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
C{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20}
1/2,
»	c©g{wg
C
tgSgxesOx
K
º
|vi0 |0, |v̄i0 |0
Ox©
[ψ]1
±ot|­x©g
(s2+t2)1/2 ≤ |s|+|t|
º»+gæOx';x©¯¨y©tg;±
2
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